We use vector bundle method to study cuspidal curves C on an algebraic surface X. We prove that C is the branch curve of a generic triple cover over X iff the cusps on the curve are 3-divisible. We obtain a numerical condition on C, by using Miyaoka-Yau's inequality, such that the number of generic triple covers ramified over C is determined. We get also an optimal lower bound on the number of cusps on such a branch curve by using Bogomolov's inequality. As an application, for each rank two vector bundle E on X, we associated it with an irreducible cuspidal curve C whose cusps are 3-divisible and E is determined uniquely by C and the 3-divisibility of the cusps.
Introduction
In classical algebraic geometry, every projective surface Y ⊂ P N is expressed as a multiple plane π : Y → P 2 via a generic linear projection from the projective space to the projective plane, the branch curve C is an irreducible cuspidal plane curve of even degree 2d, namely, C admits only nodes and ordinary cusps as its singularities, and the finite cover is a generic cover. O. Chisini [6] summarized the following 4 fundamental problems in this classical study.
(1) Characterize those plane curves that are branch curves of some multiple planes, and for each of them construct effectively the corresponding finite covers. (2) Determine birationally all multiple planes with the same branch curve. (3) Construct some examples of notable surfaces by using the correspondence between the branch curves and the multiple planes. (4) Consider a multiple plane by means of its branch curve, determine its characters.
Furthermore, Chisini [6] pointed out that the first problem is the most important one. The main purpose of this study is to reduce the classification of algebraic surfaces to that of cuspidal branch curves.
In fact, the second problem is completely solved by Kulikov [11, 12] and Nemirovskij [16] . The surface Y and the covering π : Y → P 2 are determined uniquely by its branch curve C except for the case when Y ∼ = P 2 is the Veronese surface in P 5 and π is a generic projection (Chisini's Conjecture [5] ). In the exceptional case, the branch curve is a sextic with 9 cusps and the degree of π is 4. (In fact, there is one generic triple cover branched along this sextic.)
The first problem was first considered by F. Enriques [7] in 1923, he gave a topological characterization on the branch curves C based on its fundamental group π 1 (P 2 \ B). Because we know very little about this fundamental group, algebraic geometers have been looking for a pure algebro-geometric characterization for a long time [13] . O. Zariski [23] found the first such characterization in 1929: a sextic with 6 cusps is a branch curve if and only if the 6 cusps lie on a conic. Furthermore, he developed a general method to compute the fundamental group in the same paper. When Y is a smooth surface in P 3 and π is the generic projection with branch curve C, B. Segre [17] gives a complete answer.
The first non-trivial case of multiple planes is triple planes. The branch curves contain only cusps as their singularities. P. Du Val [3, 4] studied the branch curves of small degrees. In a series of papers, Bronowski [2] studied the lower and upper bounds on the number of the cusps on the branch curve of a triple plane. In [20] , M. Teicher and the author classified completely all such curves up to degree 12.
The purpose of this paper is to use rank two vector bundle method to study cuspidal curves on an arbitrary projective smooth surface X.
To state our main results, we first set up the following definitions:
Definition 0.1. A generic cover between two smooth algebraic surfaces X and Y is a finite morphism π : Y → X satisfying the following conditions:
(1) The branch curve C of π is an irreducible curve with nodes and ordinary cusps as its singularities; (2) π * (C) = 2R + D, where D is reduced and the restriction map π| R from R to C is the normalization of C.
We consider the general case where the branch curve admits at least one singular point. The case with smooth branch curve is easy to deal with.
Let C be an irreducible curve on X with n ≥ 1 ordinary cusps {p 1 , · · · , p n }. Suppose C ≡ 2η is an even divisor, ϕ η : Σ η → X is the double cover ramified over C determined by η. Let S η → Σ η be the minimal resolution of the corresponding cusps {p 1 , · · · ,p n } of Σ η , and let E i +E ′ i be the exceptional curves overp i . Denote by τ η the involution of S η induced by ϕ η . Let δ be a divisor class on S η .
Definition 0.2. The n cusps {p 1 , · · · , p n } on C are 3-divisible of type (η, δ) if (1) C is an even divisor of type η, i.e., C ≡ 2η.
(2) The cusps {p 1 , · · · ,p n } of Σ η are 3-divisible of type δ, namely there are some positive integers a i and a ′ i with a i + a
Note that (0.1) implies that a i + a ′ i ≡ 0 (mod 3), and the relation (0.1) is determined uniquely by the divisor 3δ. Namely, a i and a ′ i are determined by 3δ.
One can prove that the n cusps on Σ η are 3-divisible iff there is a smooth cyclic triple cover π : Y → Σ η ramified exactly over the n cusps. (Lemma 3.1).
For a generic triple cover π : Y → X, it is easy to know that the branch locus has only cusps as its singularities. The trace free sheaf E π is a rank two vector bundle,
Throughout this paper, we identify the first Chern class c 1 (E ) of a vector bundle E with the divisor corresponding to its determinant det E . Definition 0.3. Denote by D 2 the branch curves of a triple cover π : Y → X over which π is totally ramified. We call the divisor class η = −D 2 − c 1 (E π ) the Galois invariant of the triple cover π.
The following are our main results.
Theorem 0.4. Let π : Y → X be a generic triple cover. Then the branch curve C of π is an even divisor of type η = −c 1 (E π ), and the number n of the cusps on C is 3c 2 (E π ). We have
The equality holds if and only if E π = L −1 ⊕ L −2 for some line bundle L , if and only if C is defined by f 3 + g 2 = 0, and the curves of f and g meet transversely.
For triple planes, the lower bound on the number of cusps is obtained by Bronowski ([2] , II § 7).
Theorem 0.5. Assume that C is an irreducible curve with n cusps, and as a divisor C is even. Then C is the branch locus of a generic triple cover with Galois invariant η if and only if the n cusps are 3-divisible of type (η, δ) and δ is compatible with η. Furthermore, this correspondence is one to one.
If X = P 2 , then C is the branch curve of a triple plane if and only if the cusps are 3-divisible. This is a natural generalization of Zariski's characterization on the branched sextics with n = 6 cusps.
Theorem 0.6. Assume that either the number of cusps of C is less than 1 3 C 2 , or K X + 1 2 C is nef, and
Suppose that C is the branch curve of a generic triple cover with Galois invariant η. Let T η ⊂ Pic (S η ) be the subgroup consists of 3-torsion classes ε with τ * η ε ≡ −ε. Let |T η | be its order. Then there are exactly |T η | generic triple covers ramified over C with η as their Galois invariants.
Note that if X = P 2 , then the numerical assumptions in this theorem are satisfied automatically. η is determined by C. Because S τ is simply connected in this case ( [9] , p.34, Corollary), |T η | = 1. Hence we have Corollary 0.7. Any triple plane is determined uniquely by its branch curve.
Theorem 0.8. Let E be a rank two vector bundle on X with Chern classes c 1 (E ) and c 2 (E ), and let H be an ample line bundle. Then there is a number m 0 such that if m > m 0 , then E ⊗ H −m is the trace free sheaf of a generic triple cover over X. The divisor class of the branch curve C and the number n of cusps are as follows.
If E is semistable, then m 0 depends only on c 1 (E ), c 2 (E ), X and H . In the second part of this paper, we will determine T η when the branch curve C is ample. We use the moduli space of stable rank two vector bundles to understand the structure of the varieties of the cuspidal curves with a 3-divisible set. Conversely, we will use the fundamental groups of cuspidal curves to study the associated rank two vector bundles and give some applications.
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Preliminaries
In this section, I will recall some basic facts on triple covers. Miranda [14] proved that Theorem 1.1. Any triple cover π : Y → X with a fixed trace free subsheaf E of π * O Y can be constructed by a non zero section s of H 0 (X,
For any nonzero constant number c ∈ C, cs and s define the same triple cover over X. Thus we can view the triple cover data s with fixed E as an element in the projective space P (H 0 (X, S 3 E ∨ ⊗ det E )). The corresponding triple cover is denoted by π(s) : Y (s) → X. (E , s) is called the triple cover data of π(s). s can be viewed as a binary cubic form (see [19] ), because locally
For a cubic form f = f 0
we have three basic (co)invariants.
(1) The Hessian H(f ) of f :
H induces an algebraic map (nonlinear)
(3) The Jacobian J(f ) of f :
There is a syzygy among the invariants,
Because the invariants are independent of the choice of the base, we identify f with s.
Two triple cover data (E 1 , f 1 ) and (E 2 , f 2 ) are said to be equivalent if there is an isomorphism τ :
If we consider finite covers over a fixed surface X 2 = X 1 = X, we always assume that ψ 1 is the identity.
There is a one to one correspondence between the two sets of equivalent classes.
Now let π : Y → X be a normal triple cover with a trace-free subsheaf E , and let L ∨ ⊂ E be any maximal invertible subsheaf. It is well-known that there is a short exact sequence
Similarly,
The syzygy implies
In [18, 19] , we proved that this invertible subsheaf L ∨ determines a unique cubic equation defining the triple cover,
where z is the fiber coordinate of L and the coefficients are respectively two global sections of L 2 and L 3 , a 1 , a 2 and b 1 are square free, and a = 4a 1 a 2 2 a 3 0 and b = 27b 1 b 2 0 are coprime. More precisely, Y is the normalization of the surface Y 0 ⊂ L defined by the cubic equation.
The cubic defining equation is equivalent to
Suppose c has a factorization c = c 1 c 2 0 , where c 1 is square free. We have (see [19] , §3.3)
We use the capital letter A i , B i · · · to denote the divisors of the corresponding sections a i , b i , · · · .
(1) π is totally (resp. simply) ramified over
is Galois if and only if π is totally ramified over the branch locus and η ≡ 0. Namely,
(5) Let ϕ : Σ → X be the canonical double cover ramified over B 1 + C 1 determined by η, and let π : Y → Σ be the canonical pullback triple cover of π under the base change ϕ.
Then π is a cyclic triple cover ramified over ϕ * (A 1 +A 2 ) and some isolated points coming from the points on
Sketch of the Proof. One can find the details of the proof of (1) to (4) in [18, 19, 21] .
In order to prove (5),
be the open set of X over which Y and Σ are smooth. Because Y and Σ are normal, they have at most a finite number singular points. Thus X \U consists of a finite number of points. We only need to prove (5) and (6) for X = U . Namely, we can assume that Y and Σ are smooth.
Note that π * (B 1 + C 1 ) = 2R + D. So the pullback double cover is ramified over 2R + D and Z is non-normal alongR over R. From the computation of the normalization, we have
ϕ is flat, by the commutativity of cohomology with flat base changes, we get
Hence ϕ * E is the elementary modification of E π alongR ([8], p.41), and
so the Galois invariant of π is zero. Therefore, π is Galois.
We will prove that η ′ ≡ η under the condition of (6). Thus ϕ ′ and ϕ are equivalent.
With the same computation as above, we have
On the other hand, η ′ − η is a torsion divisor, so it must be zero, i.e., η ′ ≡ η. Corollary 1.4. Let π : Y → X be a generic triple cover ramified over C. Then there is a unique base change ϕ : Σ → X of degree two ramified over C such that the pullback triple cover π : Y → Σ is a smooth cyclic triple cover ramified exactly over the cusps on Σ.
Proof. We only need to note that ϕ is a double cover ramified over a smooth curve D, where π * C = 2R + D, so Y is smooth. Corollary 1.5. Suppose that π is not Galois, and let σ (resp. τ ) be the automorphism of Y induced by π (resp. ϕ). Then
Thus the composition map Y → X is a Galois cover with group G =< τ, σ > ∼ = S 3 , which is the Galois closure of π. Conversely, π : Y → X can be reconstructed from Y → X, i.e., Y = Y / < 1, τ > and π is induced by Y → X.
Proof. Note that τ is the lift of the involution τ 0 on Σ induced by ϕ, so πτ = τ 0 π. On the other hand, σ is induced by π, hence we have πσ = π. Then we get
which implies τ στ −1 is also an automorphism of Y induced by π. Thus τ στ −1 = σ m for m = 1 or −1.
If m = 1, then τ commutes with σ. It is easy to see that τ induces an automorphism σ of Y = Y / < 1, τ > of order 3. Hence ϕσ = σ ϕ. On the other hand, πσ = π, we get ϕ πσ = ϕ π, i.e., π ϕσ = π ϕ. Then we obtain π σ ϕ = π ϕ. Because ϕ is surjective, we have π σ = π. This means that π is a cyclic triple cover, a contradiction. Hence m = −1. This proves the lemma.
2. Proof of Theorem 0.4 Lemma 2.1. (Bogomolov's inequality [1] ) Let E be a rank two vector bundle over X, and let c 1 and c 2 be its Chern classes. If c 2 1 > 4c 2 , then there exists a maximal invertible subsheaf L ∨ = O X (−L) ⊂ E such that for any nef and big divisor H we have
Lemma 2.2. If E = E π for some generic triple cover π : Y → X, and L ∨ = O X (−L) is a maximal invertible subsheaf of E , then
Hence for any nef and big divisor H,
Proof of Theorem 0.4. Note first that 3c 2 = n > 0, so we can assume that c 2 1 > 0, i.e., C 2 > 0. Because the branch locus C is irreducible, C is nef, i.e., for any curve Γ, ΓC ≥ 0. We can assume also that c 2 1 > 4c 2 .
By Lemma 2.1, there is a divisor L satisfies (1) and (2) in this lemma. Hence we can find respectively two global sections a 0 and b 0 of L 2 and L 3 such that the defining equation of the generic triple cover π is z 3 + a 0 z + b 0 = 0. Note that we have 4a 3 0 + 27b 2 0 = c 1 c 2 0 . Now by Hodge index theorem and Lemma 3.1,
i.e.,
On the other hand, by Lemma 3.2,
Combining (2.1) and (2.2), we obtain
Because −c 1 is nef and big, let H = −c 1 , then we get
The equality in (2.4) implies that all of the above inequalities become equalities. In particular, the first equality is
By Hodge index theorem, we see that −2L − c 1 is numerically equivalent to multiple of −c 1 , hence L ∼ λc 1 . The equality in (2.2) implies λ = −1/3, thus C 0 ≡ 3L + c 1 ∼ 0. Because X is projective, C 0 = 0. Hence c 0 is a non zero constant, i.e., the non normal locus is empty. Therefore, E π = O X (−L) ⊕ O X (−2L), and the branch locus is defined by 4a 3 0 +27b 2 0 = 0. Since a 0 and b 0 are respectively the global sections of O X (2L) and O X (3L), and the divisors of a 0 and b 0 pass through the n = 2 3 c 2 1 = (2L) · (3L) cusps of the branch locus, we can see easily that the divisors of a 0 and b 0 meet normally.
It is obvious that the converse is also true. Remark 2.3. If the branch locus C has other rational double points, but π is not totally ramified over them, then the above inequality still holds. In this case, X has singularities.
Proof of Theorem 0.5
Let C be an irreducible curve on X with only n ≥ 1 cusps as its singularity. Assume that C is an even divisor. Denote by ϕ : Σ → X the double cover ramified over C. Then Σ has n cusps p 1 , · · · , p n of type A 2 coming from those on C. Denote by ε : S → Σ the minimal resolution of the cusps, and denote by E i + E ′ i the exceptional set over p i . Then Proof. Consider the fiber product of π with ε, we see that there is a cyclic triple coverπ :S → S over S ramified over the exceptional curves.
Thus there are two divisors L and M , as well as two reduced divisors B and C such that the support B + C is the divisor of the n A 2 curves, and
So B + 2C ≡ 3L, by considering the intersection numbers of both sides with E i or E ′ i , we see that E i and E ′ i can not be contained simultaneously in the same curve B or C . Thus we can assume that B = n i=1 E i and C = n i=1 E ′ i . Then the cusps are 3-divisible by definition.
Conversely, suppose we have (0.1). Consider the blowing ups ε ′ : S ′ → S of S at the n points E i ∩ E ′ i , and denote byĒ i andĒ ′ i the strict transforms of E i and E ′ i respectively. Then we have
It is easy to know that the preimages ofĒ i andĒ ′ i in S are (−1)-curves, and the preimages of the exceptional curves of ε ′ on S are (−3)-curves. All of these curves on S can be contracted to smooth points of a surface Y . The triple cover induces a smooth triple cover π : Y → Σ ramified exactly over the cusps. Proof. Consider the pullback cyclic triple cover π : Y → Σ given in Sect. 1. We have seen that when π : Y → X is a generic triple cover, π : Y → Σ is a smooth cyclic triple cover ramified exactly over the cusps on Σ. Thus, the n cusps on Σ are 3 divisible. By definition, the n cusps on C are 3 divisible.
In what follows, we always assume that C is an even irreducible cuspidal curve whose cusps are 3-divisible of type (η, δ). Σ ϕ / / X Lemma 3.3. Denote by σ (resp. τ η ) the automorphism induced by π (resp. ϕ).
The following statements are equivalent.
(1) Π is Galois with group G ∼ = S 3 .
(2) τ η can be lifted to Y .
(3) δ is compatible with η, i.e.,
Proof. If Π is Galois with group G ∼ = S 3 , then the automorphism σ of Y induced by π generates a normal subgroup N of G of order 3. Now it is easy to see that one element τ of order 2 of G induces τ 0 . Conversely, let τ be the lift of τ 0 . Then Π is a Galois cover of degree 6. We claim that τ can not commute with σ. Otherwise, Π is a cyclic cover ramified over C. The branch locus C of Π is irreducible, so Π is defined locally by z 6 = f , where f is the local defining equation of C. Because Y is smooth, C must be smooth, a contradiction. Hence the Galois group of Π is S 3 . Therefore, (1) is equivalent to (2) .
Suppose that Π is Galois with group
π is the quotient map of Y under the action of σ. According to the eigen-space decomposition of OS under the action of σ, we havē B) ) (resp. c ∈ H 0 (O S (C ))) the defining equation of B (resp. C ). Then the triple cover π is defined as the normalization of the cover defined by z 3 = bc 2 . The normalization is just to add a new element w = z 2 /c. It is well-known that the three eigen-spaces are generated by 1, z and w respectively. Hence we have L ≡ δ Proof. We only need to prove that π is a generic triple cover. Because π is unramified over a generic point of ϕ −1 (C), we see that every component of Π * C has multiplicity 2. So π has no totally branched curve. Π is unramified over X \ C, the branch locus B π of π is contained in C. Because X is smooth, B π is either empty or a curve. If π is unramified, then ϕ is a double cover ramified over a cuspidal curve π −1 (C), so Y is singular, a contradiction. Hence B π = C and π is simply ramified over C. Finally, because Π is totally ramified over the cusps on C, so does π. Hence Y is smooth ( [14] or [18] ). Now we know that π is a generic triple cover.
By the uniqueness of the canonical base change, we know that the Galois invariant of π must be η, i.e., −c 1 (E π ) ≡ η. Lemma 3.5. Let C be an irreducible cuspidal curve whose cusps are 3-divisible of type (η, δ ′ ). Then there exists a δ compatible with η such that the cusps are 3-divisible of type (η, δ).
Proof. With the notations in the proof of the previous lemma, we assume that the 3-divisibility is given by B + 2C ≡ 3δ ′ . Then
Note that τ η exchanges E i and E ′ i . Hence τ * η B = C and τ * η C = B. Now we claim that there exists a divisor δ such that B + 2C ≡ 3δ and the cyclic triple cover determined by δ satisfies
Then we have L = L ′ + ε, and M = M ′ − ε. Then we can check that (B, C , L, M ) satisfies (3.4) . The claim is proved.
Now we see that δ = δ ′ + ε is compatible with η and B + 2C ≡ 3δ, i.e., the cusps are 3-divisible of type (η, δ). Lemma 3.6. With the notations above, let δ and δ ′ be two divisors compatible with η. Then B + 2C ≡ 3δ ≡ 3δ ′ if and only if there is a 3-torsion divisor ε such that
Proof. Let ε = δ ′ − δ. So 3ε = 3δ ′ − 3δ ≡ 0, and because δ ′ and δ are compatible with η, we can check easily that τ * η ε ≡ −ε. The converse is obvious.
Two generic cover π 1 : Y 1 → X and π 2 :
Two generic triple covers π 1 and π 2 ramified over C are equivalent if and only if the induced cyclic triple covers π 1 and π 2 are equivalent, and this equivalence induces also the equivalence of the canonical base changes ϕ 1 and ϕ 2 .
Proof. Suppose π 1 is equivalent to π 2 . Consider the following commutative diagram,
By the university property of fiber product, one can see that, in the diagram above, Y 2 is also the normalization of Σ 2 × X Y 1 . Because π 2 is Galois, by the uniqueness of ϕ, ϕ 2 is equivalent to ϕ 1 . Note that π 2 is equivalent to π 1 . Thus the fiber product of ϕ 2 with π 2 is isomorphic to the fiber product of ϕ 1 with π 1 , it implies that π 2 is equivalent to π 1 .
Conversely, suppose that π 2 is equivalent to π 1 .
By the assumption, π 1 ψ 2 = ψ 1 π 2 and ϕ 2 = ϕ 1 ψ 1 . Similar to the above discussion, the commutative diagram on the right hand side is also a fiber product. So we can assume that Σ 2 = Σ 1 , ϕ 2 = ϕ 1 , Y 2 = Y 1 , π 2 = π 1 , ψ 1 and ψ 2 are identities.
This completes the proof.
Therefore, in order to consider all of the equivalent generic triple covers ramified over a fixed cuspidal curve C, we can assume that they have the same canonical base changes ϕ : Σ → X. Up to now, we have proved Theorem 0.5.
Proof of Theorem 0.6
We only need to prove that under the condition of Theorem 0.6, if the cusps of C are 3-divisible of type (η, δ), then 3δ is determined uniquely by C. Equivalently, in the following relation, In what follows, we assume that the above equation has two different sets of solutions {a i , a ′ i | i = 1, · · · , n} and {ā i ,ā ′ i | i = 1, · · · , n}.
Lemma 4.1. The n cusps can be divided into two disjoint 3-divisible subsets.
Proof. We assume that the data corresponding to the two 3-divisible sets are
.
. This means that {p 1 , · · · , p n 1 } and {p n 1 +1 , · · · , p n } are two 3-divisible sets.
Note that the inequality in Theorem 0.4 holds for each of the above 3-divisible sets. Hence
On the other hand, by Miyaoka-Yau inequality [15, 10, 22] ,
By the standard formulas on double covers, we have
Now by (4.1) and (4.2), we obtain
This is a contradiction. Theorem 0.6 is proved.
Proof of Theorem 0.8
Let X be a smooth projective surface over C, let E be a rank two vector bundle on X, and let H be an ample divisor on X. We assume that
Denote by Z 0 the zero subscheme corresponding to a global section of E ⊗ L , then the quotient E /L ∨ is I Z 0 (−M ), dim Z 0 = 0.
We have a surjective homomorphism
Suppose Z is the dimension one part, then I Z 1 = I ∆ (−Z) for some zero-dimensional subscheme ∆. Let F be its kernel, then we have
In order to relate E with a generic triple cover, we consider (5.
Similarly, consider the homomorphism J 0 , we get
where F ′ m = F ′ ⊗ H 3m , I Z 2 = I ∆ ′ (−Z ′ ) and dim ∆ ′ = 0. Let p : P (E ) → X be the projective bundle of E , H be the divisor on P (E ) associated to O P (E )(1). We have
Note that when m is big enough, E ∨ m is sufficiently ample. If we replace E by E m , then we can assume that the following statements hold true for E .
Lemma 5.1. The generic member Y of |D| is a smooth surface containing no fibers of p. So the induced morphism from Y to X is a triple cover π : Y → X, and E = E π is the trace free subsheaf of π * O Y .
Proof. We know that the restriction of |D| on the fiber
Note that H 1 (X, I x ⊗ S 3 E (−2 det E )) = 0. From the exact sequence
and let π 1 and π 2 be the first and second projection of |D| × X. By (5.6) we see that the dimension of the fiber of π 2 is dim |D| − 4. We have
Thus a generic surface in |D| does not contain any fiber of F x . The trace free subsheaf of the induced triple cover is E (see Proposition 8.1 in [14] , or the proof of Theorem 7.6 in [18] ).
In what follows, we always assume that f is generic in P = P (H 0 (X, S 3 E ⊗ det E −2 )), and π(f ) : Y (f ) → X is the corresponding triple cover. By the assumptions, we have 1) Y (f ) is a smooth surface (by the previous lemma).
2) div(f 0 ) is an irreducible curve smooth on X \ ∆.
3) div(f 0 ) is an irreducible curve smooth on X \ ∆ ′ .
Lemma 5.2. The induced triple cover of the generic member of P has no branch curve over which there is a total ramification. It is easy to see that the projections B → P and A → P are surjective. Hence for a generic f in P , the fiber A f and B f over f satisfy
Note that B f is the branch locus of π(f ), and A f is the subset over which π(f ) is totally ramified. Then the lemma is proved.
From H 1 (X, F ) = 0, we get a surjective homomorphism
Note that f 0 = a 2 b 1 c 0 . By the assumption (D), the generic element of |I Z 1 (2L − M )| is an irreducible curve and smooth on X \ ∆. We take it as A 2 + B 1 + C 0 = div(f 0 ). From the above lemma, A 1 = A 2 = 0.f 0 is the constant term in the cubic equation, b 2 1 is a factor off 0 . Since div(f 0 ) is irreducible, we have also that B 1 = 0. Thus C 0 = div(f 0 ). which implies that the image of B Z in P is at most a divisor of P . So for a generic f in P , B f ∩ B Z = ∅, this means that π(f ) is unramified over Z. Let Z = ∆ ∪ ∆ ′ , we get the desired result.
The branch locus B f of π(f ) is defined by D(f ) = 0. Because Y (f ) is nonsingular, any singular point p of the branch locus is a double point isomorphic to x 2 + y 3k 0 = 0, and π(f ) is totally ramified over p ( [18] , Theorem 3.2). Therefore, the singular locus of the branch curve B f is defined by H(f ) = 0, which is exactly A f . Because A → P is a generic finite cover of degree n, for a generic f , H(f ) has n different simple roots.
Lemma 5.4. Suppose f is generic in P , and H(f ) has n simple roots. Then the branch locus B f has exactly n ordinary cusps at the n roots.
Proof. Suppose p ∈ X is a simple root of H(f ), we have h 0 (p) = 0 and D(f )(p) = 0. From the syzygy (5.7) 4h 3 0 +f 2 0 = D(f )f 2 0 , we getf 0 (p) = 0. Because div(f 0 ) is nonsingular at p, we know that f 0 (p) = 0. D(f ) is locally x 2 + y 3k 0 , sof 0 = 0 is the tangent of the double point. We assume thatf 0 = x is the local equation of the tangent. The local intersection number of x with h i at p is denoted by k i . We need to prove that k 0 = 1.
From the assumption, the ideal I = (h 0 , h 1 , h 2 ) of O X,p is the maximal ideal m p = (x, y) of O X,p . It is easy to check thatf 0 = f 0 h 1 − 2f 1 h 0 , we have (x, y) = I = (h 0 ,f 0 +2f 1 h 0 , h 2 ) = (h 0 , x, h 2 ) = (h 0 (0, y), x, h 2 (0, y) = (y k 0 , x, y k 2 ).
If k 0 > 1, then k 2 = 1. Since h 0 , h 1 and h 2 = f 1 f 3 − f 2 2 are the algebraic 2 × 2 minors of the matrix
The rank of this matrix at p is 1. We see that if f 1 (p) = 0, then f 2 (p) = f 3 (p) = 0, which implies that p is a multiple point of h 2 , hence k 2 > 1, a contradiction. Thus f 1 (p) = 0. Now it is easy to see that f 2 (p) and f 3 (p) are nonzero. Since f 2 h 0 − f 1 h 1 + f 0 h 2 = 0, we get k 1 = 1.
On the other hand, D(f ) = h 2 1 − 4h 0 h 2 , we see easily that the local intersection number of D(f ) with x is 2k 1 = 2. We have known that D(f ) = x 2 + y 3k 0 , then the local intersection number should be 3k 0 > 2, a contradiction.
We have proved that k 0 = 1. Hence the singular points of the branch locus are ordinary cusps.
